Abstract: Surface cracks with different orientations have been recognized as a major cause of potential failures of thin metal structures, which are often under biaxial loading. It has been known that, for cracked ductile metals, plasticity results in an easing of stress intensity at the crack front and ultimately increases the total fracture toughness of the metal. To enable the use of linear elastic fracture mechanics for ductile material failure prediction, the plastic portion of fracture toughness must be excluded. This paper aims to develop a J-integral based method for determining the elastic fracture toughness of ductile metal plates with inclined cracks under biaxial loading. The derived elastic fracture toughness is a function of the plate and crack geometry, strain-hardening coefficient, yield strength, fracture toughness, biaxiality ratio, and inclination angle. It is found that an increase in yield strength or relative crack depth, or a decrease in Mode-I fracture toughness, leads to a larger ratio of elastic fracture toughness to total fracture toughness. It is also found that the effect of biaxiality ratio and inclination angle on elastic fracture toughness is highly dependent on total fracture toughness. It can be concluded that the developed model can accurately predict the fracture failure of ductile thin metal structures with inclined cracks under biaxial loading.
It has been known that plasticity increases fracture toughness. The underlying mechanism is that yielding caused by plasticity eases stress concentration at the crack front. Consequently, fracture toughness increases and consists of elastic and plastic portions. In order to extract elastic fracture toughness from total fracture toughness, a failure assessment diagram was employed by Yang et al. (2016 Yang et al. ( , 2017 and Li et al. (2017) . The adopted failure assessment curve (Milne et al. 1988 ) is independent of both geometry and material properties and may be used for any structure. However, the derived elastic fracture toughness models may be overconservative, given that the curve was derived as a lower bound of the failure assessment diagrams obtained based on reference stress (SINTAP 1999 ). An alternative to the failure assessment diagram is the J-integral. Based on separation of elastic and plastic displacements, the J-integral can naturally be separated into elastic and plastic components (Zhu and Joyce 2012) . When the applied load reaches its critical value, the elastic J-integral corresponds to elastic fracture toughness. Compared with the failure assessment diagram, the J-integral is more rigorous, allowing more accurate elastic fracture toughness models to be developed.
The aim of this paper is to develop a J-integral-based method to determine elastic fracture toughness for plates with inclined surface cracks subjected to biaxial loadings. The J-integral is proposed in this paper for separation of elastic fracture toughness from total fracture toughness. Because the J-integral uniquely characterizes the crack tip field in nonlinear materials, the accuracy of the developed elastic fracture toughness models can be guaranteed. The derived elastic fracture toughness is a function of plate and crack geometry, strain-hardening coefficient, yield strength, fracture toughness, biaxiality ratio, and inclination angle. After verification of the developed model for elastic and fully plastic J-integrals,
Introduction
Surface cracks, which may appear in different orientations, have long been recognized as a major cause of potential failure in structures made of ductile metals. More often than not, these structures are subjected to biaxial loading caused by thermal stress, pressure, and/or other external loads. A plate with an inclined surface crack under biaxial loading ( Fig. 1 ) is a typical model of biaxially loaded structural components which is of significant practical importance for engineering assessment. Methodologies for assessing cracked structure failure are relatively well-established (Anderson 1991) ; they require estimation of crack driving force (e.g., stress intensity factor, J-integral) and corresponding fracture toughness. Mode-I fracture toughness experimentally measured under uniaxial loading has traditionally been considered the conservative limit. However, some ductile materials have been found to have lower fracture toughness under biaxial loadings for Mode-I fracture (Bass et al. 1992) or mixed-mode loadings (Kamat and Hirth 1995) . For effects of biaxial loadings on fracture toughness, exper-imental studies have been conducted by researchers (Jones et al. 1986; Bass et al. 1996; Mostafavi et al. 2011 ) on center-cracked specimens with different biaxiality ratios, defined as the ratio of two perpendicular applied stresses. A literature review revealed that mixed-mode fracture toughness is determined by taking into account the effects of either Mode-II (e.g., Keiichiro and Hitoshi 1992; Kamat and Hirth 1996; Hallbäck 1997) or Mode-III loading (e.g., Manoharan et al. 1990; Kamat et al. 1994; Liu et al. 2004; Paradkar and Kamat 2011) or Modes-II and III loadings (Richard and Kuna 1990; Richard et al. 2013 ) on the total fracture toughness of brittle and ductile materials. parametric studies are conducted to investigate the effect of key parameters on elastic fracture toughness. The significance of the study is to allow the use of linear elastic fracture mechanics and associated results by engineers and asset managers for both design and assessment of cracked plates made of ductile metals.
Theory of Elastic Fracture Toughness
It is known that in linear elastic fracture mechanics a cracked structure fails when stress intensity factor K at the crack front exceeds fracture toughness K C . For ductile materials, plasticity develops at the crack front, which eases stress concentration. To take into account the effect of plasticity, the stress intensity factor for a cracked structure under an applied load F can be written as
where K e and K p = elastic and plastic components of the stress intensity factors, respectively, and both are a function of applied load F. The critical stress intensity factor (i.e., fracture toughness K C ) is determined by a critical load F C corresponding to the instability point (crack initiation). As a result, fracture toughness can be expressed as follows:
Because K C is a material constant, the determination of K C e means that K C p is known. In Eq. (1), K e ðFÞ is effectively the stress intensity factor for brittle materials. For given cracked structures, when K e reaches K e C , K p reaches K p C . Therefore, the failure criterion for ductile materials from Eq. (2) can be changed to the following:
It is implied that linear elastic fracture mechanics can be employed once elastic fracture toughness K e C is determined. However, K e C does not mean that the plastic influences are omitted. On the contrary, the effects of plasticity are taken into consideration in the derivation of elastic fracture toughness.
The failure assessment diagram method may produce overconservative results; therefore, in this paper the J-integral method is used to determine elastic fracture toughness.
Derivation of Elastic Fracture Toughness
The J-Integral is a path-independent contour integral for the analysis of stresses around cracks (Rice 1968) . It uniquely characterizes crack tip stresses and strains in nonlinear materials (Hutchinson 1968; Rice and Rosengren 1968) . According to Zhu and Joyce (2012) , for ductile materials the J-integral consists of both elastic and plastic portions, which can be represented as follows:
where J e and J p = elastic and plastic J-integrals, respectively. For evaluation of the J-integral, the Electric Power Research Institute (EPRI) method based on deformation plasticity (Kumar et al. 1981 ) is the most widely used because it calculates the J-integral from an elastic plastic condition up to a fully plastic condition (Kumar et al. 1981) . In the EPRI method, the total J-integral is calculated by adding up its elastic and fully plastic portions (Kumar et al. 1981 )
where J e and J fp = elastic and fully plastic J-integral, respectively. A plastic zone correction is considered for the calculation of J e to obtain a better estimate of the J-integral (Kumar et al. 1981) , after which a eff = crack depth and can be determined by the following equation (Sih 1976) :
where a = crack depth; m ¼ 2 for plane stress problems; m ¼ 6 for plane strain problems; n = strain-hardening exponent; σ y = yield stress; and K eq = equivalent stress intensity factor, expressed as follows:
where K I , K II , K III = stress intensity factors for Modes I, II, and III, respectively; and v = Poisson's ratio; for plane strain problems, E 0 needs to be replaced by E=ð1 − v 2 Þ whereas for plane stress problems, E 0 ¼ E; σ 1 = applied stress; a = crack depth;
(a) (b) Fig. 1 . Inclined surface crack in a plate under biaxial loading F eq = equivalent influence coefficient, which is a function of the geometry of the cracked plate; and Q = shape factor for an ellipse and is given by the square of the complete elliptical integral of the second kind (Green and Sneddon 1950) . The shape factor Q is approximated in practical applications by the following empirical formula (Shiratori et al. 1987) :
where c = half of the crack length. The elastic J-integral J e is related to the stress intensity factors as follows (Anderson 2005) :
With the Ramberg-Osgood stress strain relationship (Ramberg and Osgood 1943) , the fully plastic J-integral J fp of cracked plates under biaxial loading can be expressed as follows (Jansson 1986 ):
where α = material constant; ε y = strain with a value of σ y =E; h 1 = normalized fully plastic J-integral, which is a function of a=c, a=d, φ, n, and β; d = plate thickness; φ = position of Point P along the crack front as shown in Fig. 1 ; and σ ne = nominal von Mises equivalent stress, defined as follows:
where λ = biaxiality ratio, defined as the ratio of the stress σ 1 along the z-axis to the stress σ 2 along the x-axis ( Fig. 1 )
When σ 1 reaches a critical value σ 1c , the J-integral becomes the crack initiation fracture toughness J C . By rearranging Eq. (13), the following equation is obtained: ffiffiffiffiffiffiffi
Elastic fracture toughness can then be calculated by the following equation:
Accordingly, plastic fracture toughness K C p can be determined as follows:
J-Integral and Mixed-Mode Fracture Toughness
From Eqs. (14) and (15), it can be seen that for a given cracked plate the main effort of determining elastic fracture toughness lies in the calculation of the elastic J-integral-that is, the equivalent influence coefficients F eq , the normalized fully plastic J-integral h 1 , and the mixed-mode fracture toughness J C (K C ).
Equivalent Influence Coefficients
By substituting Eq. (8) into Eq. (10), the equivalent influence coefficient F eq is related to the elastic J-integral by the following equation:
To determine the equivalent influence coefficients for cracked plates with inclined surface cracks, three-dimensional (3D) finiteelement fracture analyses were performed by Fu et al. (2017a) using ABAQUS. In the finite-element models, a conformed mesh was used around the crack region. A meshing technique with mixed quadratic hexahedron and tetrahedron elements in Li et al. (2016) and Fu et al. (2017b) was adopted. In addition, the energybased J-integral method, which is path-independent and can produce accurate results with relatively coarse meshes, was employed. Because of the free surface effect (Pook 1995) , J-integral values at the surface points were estimated by extrapolation from the results close to the surface.
The equivalent influence coefficients F eq for inclined cracks in plates under biaxial loading were determined. Table 1 shows F eq for different relative crack depth ratios a=d, biaxiality ratios λ, and inclination angles β. The parameter φ denotes the position of a point along the semielliptical surface crack as shown in Fig. 1 .
Normalized Fully Plastic J-Integral
Based on the deformation theory of plasticity, the same finiteelement models used for the equivalent influence coefficients were adopted for determining fully plastic J-integral values (Fu et al. 2017a) . These values for plates with different relative crack depths, biaxiality ratios, inclination angles, and strain-hardening exponents were determined. The normalized J-integral h 1 values were calculated using the following equation:
Table 2 lists the h 1 values for strain-hardening coefficient n ¼ 3.
For different values of n and negative biaxiality ratios, see Fu et al. (2017a) for details.
Fracture Toughness of Ductile Materials
It has been known that some ductile-material fracture toughness values are affected by both biaxial loading for Mode-I fracture (Bass et al. 1992 ) and mixed-mode loadings (Kamat and Hirth 1995) . Jones et al. (1986) tested flat-sheet center-cracked specimens over a wide range of biaxiality ratios for different materials and found that the fracture toughness of two aluminum alloys reaches peak values at a biaxiality ratio of 0.5 and then decreases as that ratio increases. Bass et al. (1992 Bass et al. ( , 1996 showed that a reduction in fracture toughness of up to 40% in biaxially loaded specimens compared with uniaxially loaded specimens. Mostafavi et al. (2011) carried out biaxial tests on 2024 aluminum alloy and showed that fracture toughness under biaxial loading decreases by a maximum of 20% compared with that under uniaxial loading.
For the effect of mixed-mode loadings, it has been known that mixed-mode fracture toughness is dependent on material and mode mixity (Kamat and Hirth 1995) . Mode mixity can be defined by the following parameter (Shih 1974) :
where K S (J S ) = K II (J II ) for mixed Mode-I and Mode-II fracture and = K III (J III ) for mixed Mode-I and III fracture. For pure Table 2 . Normalized Fully Plastic J-Integral h 1 for n ¼ 3 Mode-I fracture, M e ¼ 1; for pure Mode-II or Mode-III fracture, M e ¼ 0.
Mixed-mode fracture toughness can be expressed as
where f ¼ K C =K IC = function of the mode mixity parameter M e . For a certain material, f can be determined by mixed-mode experiments for various mixed modes. Mixed-mode fracture toughness is determined by taking into account the effects of either Mode-II (e.g., Keiichiro and Hitoshi 1992; Kamat and Hirth 1996; Hallbäck 1997) or Mode-III loading (e.g., Manoharan et al. 1990; Kamat et al. 1994; Liu et al. 2004; Paradkar and Kamat 2011) or Mode-II and Mode-III loadings (Richard and Kuna 1990; Richard et al. 2013 ) on the total fracture toughness of brittle and ductile materials. Figs. 2(a and b) shows the relationships between f and M e determined by experiments from the literature for mixed Mode I and Mode II and mixed Mode I and Mode III, respectively. It can be seen that under mixed-mode conditions, the fracture toughness of the materials listed in Fig. 2 is generally lower than Mode-I fracture toughness. Therefore, it is essential to adopt the corresponding mixed-mode fracture toughness for assessment of mixed-mode fractures.
Verification
Before the developed elastic fracture toughness model can be applied, verification is required. Ideally, experimental results should be used for direct verification. A thorough literature review, however, reveals this to be extremely difficult. Consequently, indirect verification is employed. Regarding the EPRI method, Kumar et al. (1981) found that the results for the total J-integral calculated by adding up the elastic and fully plastic J-integrals are in good agreement with finite-element calculations and experimental results for the complete range of elastic-plastic deformation and materialhardening properties for different crack configurations. Therefore, the developed model is only indirectly verified by ensuring that the equivalent influence coefficients for the elastic J integral, the normalized fully plastic J-integral, and total fracture toughness have been accurately determined. For the equivalent influence coefficients, extensive verifications were conducted by Li et al. (2016) and Fu et al. (2017b) for the proposed finite-element models. Because the same model was used for the cracked plate with inclined surface cracks under biaxial loading, the accuracy of the calculated equivalent coefficients was assured. For fully plastic J-integrals, the models were verified by comparing the simulated results with those from an analytical solution for an embedded penny-shaped crack in an infinite body under far-field uniaxial and triaxial tension (Fu et al. 2017a ). In addition, the simulated results of h 1 for surface-cracked plates with inclination angle β ¼ 0°were compared with those from Wang (2006) as shown in Fig. 3 . Good agreement was achieved for a=d ¼ 0.2 and 0.8.
Factors Affecting Elastic Fracture Toughness
Using the developed model of Eq. (15) with influence coefficients F eq and normallized fully plastic J-integral h 1 , the elastic fracture toughness K C e of cracked plates under biaxial loading was determined. One of the benefits of the developed model is that the effects of key parameters can be quantitatively examined.
To take into account the effect of the biaxiality ratio on fracture toughness for Mode-I fracture, the experimental results for the lower bound of the total fracture toughness K C from Bass et al. (1996) were employed and fitted to an equation using nonlinear regression as follows (Fig. 4) :
For fracture toughness of mixed modes induced by inclined cracks, it is assumed that K C =K IC for mixed Mode I and Mode II and for mixed Mode I and Mode III follows the trend of that in Pirondi and Dalle Donne (2001) and that in Raghavachary et al. (1990) , respectively. The following formulas are obtained using nonlinear regression to respectively fit the two corresponding curves in Fig. 2 : where M e ranges from 0 to 1. For mixed-mode fractures, because of a lack of data on fracture toughness of Modes I, II, and III, the lowest mixed-mode fracture toughness from Eq. (22), K C ¼ 0.51K IC , is employed in this section as an approximation.
Effect of Yield Strength and Fracture Toughness
Figs. 5 and 6 demonstrate the effect of material properties on elastic fracture toughness K e C for a given cracked plate for a=d ¼ 0.8 and n ¼ 3 under uniaxial or biaxial loading along the entire crack front. Similar trends were found for other values of a=d and n, but are omitted here.
Yield strength varies from 200 to 600 MPa as shown in Fig. 5 whereas fracture toughness changes from 50 to 110 MPa= ffiffiffiffi m p as shown in Fig. 6 . It can be observed that for a given plate and crack geometry with a certain biaxiality ratio and strain-hardening coefficient, the larger the yield strength of the plate material, the greater portion of the brittle fracture the plate experiences and consequently the greater the relative elastic fracture toughness, defined as the ratio of elastic fracture toughness K e C to total fracture toughness K C . This makes sense from both the theoretical analysis and practical observation. Similarly, the greater the fracture toughness of the plate material, the greater portion of the plastic deformation the plate endures and hence the smaller the relative elastic fracture toughness. Again, this is consistent with practical experience.
Effect of Biaxiality Ratio
To investigate the effect of biaxiality ratio λ on elastic fracture toughness K e C , a cracked plate with geometry a=d ¼ 0.5 and n ¼ 3 is employed for demonstration. From analyses, it is found that λ does not have a significant effect on relative elastic fracture toughness if the total fracture toughness K C is assumed to be constant for different λ as shown in Fig. 7(a) for β ¼ 0°, a=d ¼ 0.5, and n ¼ 3. When K C follows Eq. (21) for different λ values and takes the show the effect that different λ values have on relative elastic fracture toughness. Obvious differences are observed among the relative elastic fracture toughness values for different λ values-in particular, λ ¼ 0 and λ ≠ 0. Therefore, it can be concluded that the biaxiality ratio does affect relative elastic fracture toughness, mainly through its effect on the total fracture toughness K C . This means that, if the biaxiality ratio does not affect total fracture toughness K C it does not have a significant influence on relative elastic fracture toughness.
Effect of Inclination Angle
The effects of crack inclination angle on elastic fracture toughness were also investigated. Fig. 8 shows how relative elastic fracture toughness changes with different inclination angles along the entire crack front for λ ¼ 0, a=d ¼ 0.5, and n ¼ 3 and the same total fracture toughness for different inclination angles. It can be observed that relative elastic fracture toughness decreases with increasing inclination angles from 0°to 45°. This means that the larger the inclination angle, the more plastic deformation that develops in the plate. This makes sense because, for a given crack size, the larger the inclination angle, the more difficult it is for plates to fail in a brittle way. However, this trend changes when reduction of fracture toughness is considered for mixed-mode fracture. Figs. 8(b and c) show the effect of inclination angle on relative elastic fracture toughness assuming K C ¼ 0.51K IC for mixedmode fracture. No general trend can be discerned because reducing total fracture toughness increases relative elastic fracture toughness whereas reducing the inclination angle decreases it. Therefore, the trend actually depends on the amount of reduction in fracture toughness and the increment of inclination angles.
Effect of Relative Crack Depth
The effects of relative crack depth a=d on K e C of cracked plates are investigated by considering relative depth ratios a=d of 0.2, 0.5, and 0.8. Two cases are shown in Fig. 9 . Other cases can be produced in a similar way, but they are omitted here. It can be seen that the plate material demonstrates more brittleness as the relative (a) (b) (c) Fig. 7 . Effect of biaxiality ratio on elastic fracture toughness: (a) inclination angle β ¼ 0°, a=d ¼ 0.5, and n ¼ 3 with constant fracture toughness; (b) inclination angle β ¼ 0°, a=d ¼ 0.5, and n ¼ 3 with different fracture toughness; (c) inclination angle β ¼ 25°, a=d ¼ 0.5, and n ¼ 3 with different fracture toughness (a) (b) (c) Fig. 8 . Effect of inclination angle on elastic fracture toughness: (a) biaxiality ratio λ ¼ 0, a=d ¼ 0.5, and n ¼ 3 with constant fracture toughness; (b) biaxiality ratio λ ¼ 0, a=d ¼ 0.5, and n ¼ 3 with different fracture toughness; (c) biaxiality ratio λ ¼ 1, a=d ¼ 0.5, and n ¼ 3 with different fracture toughness depth a=d increases from 0.2 to 0.8, resulting in larger values of relative elastic fracture toughness. This means that a larger a=d ratio leads to less plastic deformation developing around the crack, which makes sense because greater relative depth, which means less material in the remaining ligament, results in a plate with a lower level of plasticity compared with less relative depth.
Conclusions
The J-integral solution was derived to determine elastic fracture toughness for ductile metal plates with inclined surface cracks under biaxial loading. The derived elastic fracture toughness is a function of plate and crack geometry, strain-hardening coefficient, yield strength, fracture toughness, biaxiality ratio, and inclination angle. Parametric studies have shown that an increase in yield strength or relative crack depth, or a decrease in Mode-I fracture toughness, leads to greater relative elastic fracture toughness. It has also been shown that the effect of biaxiality ratio and inclination angle on elastic fracture toughness is highly dependent on total fracture toughness values, which highlights the need for accurate experimental determination of total fracture toughness taking into account the effect of biaxial and mixed-mode loadings. It can be concluded that the developed elastic fracture toughness model enables engineers and asset managers to accurately predict fracture failure of ductile thin metal structures with inclined cracks under biaxial loading.
